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Abstract — Based on a stochastic geometry framework, we 
establish an analysis of the multi-hop spatial reuse aloha protocol 
(MSR-Aloha) in ad hoc networks. We compare MSR-Aloha 
to a simple routing strategy, where a node selects the next 
relay of the treated packet as to be its nearest receiver with a 
forward progress toward the final destination (NFP). In addition, 
performance gains achieved by employing adaptive antenna array 
systems are quantified in this paper. We derive a tight upper 
bound on the spatial density of progress of MSR-Aloha. Our 
analytical results demonstrate that the spatial density of progress 
scales as the square root of the density of users, and the optimal 
contention density (that maximizes the spatial density of progress) 
is independent of the density of users. These two facts are 
consistent with the observations of Baccelli et al., established 
through an analytical lower bound and through simulations in 
(D and [2]. 

I. Introduction 

An ad hoc network is a collection of autonomous nodes 
that communicate in a decentralized fashion without relying 
on a pre-established infrastructure or on a control unit. The 
design of communication protocols and the analysis of their 
performance limits in this class of networks have been the 
subject of intense investigation over the last decade. This 
design involves the definition of strategies and procedures 
necessary for transferring data between the nodes of the 
network, namely, the development of medium access rules 
and routing algorithms. The analysis of the reliability of these 
protocols in the context of ad hoc networks is more complex 
than in the context of cellular or controlled networks because 
of the distributed nature of the former New lines of research 
have been introduced using analytical tools from the theory 
of stochastic geometry. Stochastic geometry represents the 
nodes of the network as elements of a point process and 
studies their average behaviour under predefined communi- 
cation strategies III, HJ. This paper follows this methodology 
and proposes an analytical evaluation of the performance of 
two communication protocols under a random access strategy, 
namely, the multi-hop spatial reuse Aloha protocol (MSR- 
Aloha) ||2l, and the nearest receiver with forward progress 
(NFP) routing (5\, fE\. In addition, this paper considers the 
quantification of the performance improvement that could be 
reached by employing adaptive antenna array systems. In 
point-to-point communication, multiple antennas can increase 



the link capacity by providing some form of diversity. In 
the presence of concurrent transmissions, the signals from 
multiple antennas can be combined to mitigate interference, 
and consequently, the link reliability is improved L2J, L8J. The 
performance of multi-antenna systems in the context of ad hoc 
networks has been previously studied in f9\, flQ\, (TT], (T3i 
(and references therein). However, unlike the work presented 
in the current paper, these previous works only consider single- 
hop communication. The main contribution of this paper is 
the derivation of a closed-form expression for the expected 
progress of packets (i.e., the mean distance covered in one hop 
by a transmitted packet toward its destination) under MSR- 
Aloha and NFP schemes, and with nodes employing adaptive 
antenna array systems. The mean progress allows to compute 
the spatial density of progress of the network, i.e., the mean 
distance traversed by all emitted packets per unit area toward 
their intended destinations in a single time slot, which in turn 
provides direct insight into the network transport capacity fT|, 
|13|. The rest of this paper is organized as follows. Section II 
describes the system model and the communication protocols 
considered. In section III, we briefly discuss some related 
works and position the contribution of this paper Sections IV 
and V present our analytical results as well as some numerical 
examples. Finally, section VI concludes the paper 



II. System model 



A. Network model 



We adopt the so-called stochastic geometric representation 
of ad hoc networks, which is described as a planar network 
formed by a set of nodes that are randomly located on the 
points of a homogeneous Poisson point process (PPP) with 
density A nodes per unit area. We assume that each node 
has an infinite number of packets to transmit, and access the 
common medium according to the slotted Aloha protocol, with 
a predefined transmission probability p. Thus, by the property 
of independent thinning of PPPs |3 |, the sets of transmitters 
and receivers form two independent homogeneous PPPs with 
density A* — Xp and A"" = A(l — p), respectively. 

B. Channel and capture models 

We assume that every node uses a single transmit antenna 
and L receive antennas. A transmitted signal undergoes both 



large-scale fading with a path-loss exponent greater than 2, 
and small-scale Rayleigh fading. We assume that the channel 
coefficients do not vary during the transmission of one packet. 
A data packet is said to be successfully captured by a receiver 
node if the signal-to-interference-plus-noise ratio (SINR) per- 
ceived by this node exceeds a prefixed threshold /3. 
Formally, let us denote by <I>f = {Xi,i g N} and $r = 
{Yi,i £ N} the PPPs corresponding to the transmitter and the 
receiver sets, respectively; where the variables Xi and Yi are 
random locations of transmitters and receivers, respectively. 
Consider an emitting node located at Xj and a receiver node 
located at . The signal emitted by Xj arrives at corrupted 
by interference and noise. Thus the received signal vector is 
expressed as: 

x=\Xj-Yk\-''/%kSj+ \X^-Yk\-''/^h,kS^+n, 
x,e<E.*\{x,} 

(1) 

where s,; is the signal emitted by node Xf, hik is the 
channel propagation vector between nodes Xi and Yk, that is 
distributed according to the multivariate complex Normal law 
with dimension L; n is a complex Gaussian noise vector, with 
variance per dimension; \Xi — Yk\ is the distance between 
Xi and Yfc; and a is the path-loss exponent. In statistical 
antenna array processing, a weight vector is applied to the 
received signal, which is chosen based on the statistics of the 
data received and optimized under a given criterion. When 
the optimum vector, in the sense of SINR maximization, is 
appHed, the resulting SINR is Q, flS]: 

SINRjk = \Xj - Ffcl-^hJfcR-ih.fc, (2) 

where R is the interference-plus-noise covariance matrix ex- 
pressed as: R = Ex,e<i.'\{x,} ^ Yk\-"h,kh.f^. + ct^Il, 
the operator ^ denotes the Hermitian operator, and II is the 
identity matrix with dimension L x i. In our paper |12|, we 
have established the following key result on the probability of 
successful reception: 

Proposition 1 ([12]).- Let Xi and Yj be a transmitter and a 
receiver node. Employing the optimum combining detector, the 
probability of successful communication in a Poisson field of 
interferers and Rayleigh fading channel is: 

Ps(\\d^j,p,L)= P{SINR,j>P) 

= E ^ fcf — ^'^P A/32/"4 - a^P), 

(3) 

where d,j = \X, - Yj\, A = 27r/Q;r(2/a)r(l - 2/ a), and T 
denotes the gamma function. 

In order to simplify the mathematical analysis, the noise 
term will be ignored in the next sections. This simplification 
is reasonable since ad-hoc networks are interference-limited. 

C. Communication protocol 

We will now describe the two communication schemes con- 
sidered. A source node has a packet that it wishes to deliver to 
a distant destination. Unlike traditional routing protocols, no 



specific route (in terms of relays list) is determined in advance. 
At each time slot, a source (or a relay) node authorized to 
transmit selects the next relay, among the set of nodes in 
place, according to some predefined rules. In NFP routing, a 
transmitter selects the next relay to be its closest non-emitting 
node that lies in the direction of the final destination of the 
packet processed. Selecting the closest receiver allows the 
probability of successful communication to be maximized. 
However, this scheme implies short paths, which means a 
small spatial reuse factor In the MSR-Aloha scheme, the next 
relay is selected to be the closest node to the final destination, 
among the set of receivers that successfully captured the 
data packet. This scheme provides the maximum possible 
progress toward the destination in each time slot, but needs 
the implementation of an elaborate relay selection procedure. 
Figure [U shows an example of a snapshot of the network at an 
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Fig. 1: Simulation Results 



arbitrary time slot. The node X^ is authorized to transmit, and 
has a packet for Dx^- According to the NFP scheme, Y2 is 
designated to be the next relay, since it is the closest receiver to 
Xo in the direction of Dx„ ■ Because, in the case presented by 
figure [1] Y2 can successfully capture the signal from Xo, the 
progress toward Dx„, i.e., the distance travelled by the packet 
toward Dx„, is equal to \XoDx„ — Y2Dx„\- This last quantity 
could be approximated by Z2 = r2Cos{9o2) if l-'^^o-Djf^ | ^ 1. 
Among the set of non-emitting nodes, only ^1,12,^3, Y4, and 
Yc, can successfully receive the packet. Applying the MSR- 
Aloha scheme, Yi is the next relay, since it is the closest to 
the destination, and thus provides the best progress. 

III. Related works 

The idea of designing routing protocols with the notion of 
progress is first introduced in |5|, where the authors propose 
the most forward within radius (MFR) routing. In MFR rout- 
ing, an emitter selects its next relay, among the nodes within 
some given range from it, to be the nearest receiver to the 
destination. Baccelli et al. [l] propose the more sophisticated 
selection rule of the MSR-Aloha scheme described above. 
However, in their analytical framework, they find this selection 
rule to be difficult to manipulate, and so they apply some 



modifications to it. These modifications will be discussed and 
compared to our framework in the next sections. In fTT], the 
authors propose and analyze the longest edge routing (LER), 
which applies a similar selection rule as MSR-Aloha. MSR- 
Aloha and LER differ in one key aspect that is that LER does 
not consider the direction of the intended destination, which 
is a challenging analytical aspect. It should be noted that all 
works cited do not consider the use of adaptive antenna array 
systems, which is one of the new aspects proposed in this 
work. Finally, practical implementation issues and complete 
simulation packages of MSR-Aloha routing are considered and 
detailed in |1|, [2|. 

IV. Performance analysis of NFP and MSR-Aloha 

SCHEMES 

A. Problem formulation 

Before going through mathematical analyses, we must for- 
mally define some notions described in the previous section. 
Let Xi G be an arbitrary emitting node. 

Definition 1 (Random set of feasible receivers).- The random 
set of feasible receivers for Xi € <&f is formed by the subset of 
node in <i>rU{Xi} that can capture the packet of Xi. Denoting 
this subset by Vi, we have [1 ]: 



V, = {Y, e ■■ SINR,j > /?} U {X,} 



(4) 



Definition 2 (Relay selection rules for NFP and MSR-Aloha).- 

Denoting by Y^pp and Y^jgp the next relays selected by Xi 
according to the NFP and MSR-Aloha schemes, respectively, 
we have: 
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(5) 



(6) 



where 9ik is the angle between the two segments emerging 
from Xi and pointing to the direction of its intended destina- 
tion and to the direction ofYk, respectively (FigureU]). 

Note that, in definition |2] the quantity cos{dik)\Yk — Xi\ 
is an approximation on the progress, which is very accurate 
when the final destination is further away from the transmitter. 

Definition 3 (Spatial density of progress).- The expected 
progress values for NFP and MSR-Aloha are computed as: 
progNFP = E [|y^j,p|cos6'r^^^P4AMY^j,p|,^)] and 
progMSR — ^[\Ymsb,\]' respectively. The spatial density of 
progress is simply equal to the transmission density times the 
expected progress. 

B. Spatial average of progress derivation 

1) NFP routing: 
Theorem \: The expected progress for NFP routing is: 

r(fc + 3/2)(/32/"A)V(l-p) 



progNFp{\p) 



^ kl{{l ~ p)tt/2 + A^2/ap)fc+3/2 ■ 



Proof: The PPPs and $t are stationary (invariance 
by translation and rotation). Thus, we consider without any 
loss of generality, a typical emitter located at the center of the 
network (Xq — (0, 0)) with an intended destination located on 
the horizontal axis. The distribution of the distance separating 
Xo from its closest receiver in the direction of the destination 
verifies E], ffl: 



P{\Y;,pp\<r)^e^p{-^). 



(8) 



Moreover, the angle between the direction of Y^pp and 
the horizontal axis is uniformly distributed in [— 7r/2, 7r/2]. 
Consequently, the average progress is: 



progNpp{X,p) 



\Y^Fp\^OS0y.R{X\\Y^ppl 



r COS eP (6) P{\Y^pp\ = r)PsiX\r,P)drde. 

(9) 

where Ea;[ ] denotes the expectation with respect to the random 
variable x. Replacing Ps{X*,r,l3) by its expression given by 
relation (|9]l, we get the result of theorem [T] ■ 
2) MSR-Aloha routing: As mentioned in section Hill the 
MSR-Aloha scheme was previously analyzed by Baccelli et 
al. in flj. However, rather than evaluating the mean progress 
according to the rule (|6]l, the authors considered an approxima- 
tion on it, which consisted in replacing the event of successful 
reception, i.e., Yk G T>o by its probability of occurrence. In 
other words, the following modified rule is used: 



arg max PsiX,dok: P)rkCos6k. 



(10) 



The following proposition is demonstrated in |[T]. 

Proposition 2: The mean progress obtained when using the 
modified selection rule lilOh denoted as progj^.jgp{X,p), is a 
lower bound on the mean progress associated to the selection 
rule (|6|, and is expressed as: 

WogMSRi^P) = u \. ,^ H{p,(3), (11) 



where H{p, j3) 

2 oxp(t) 



;3i/"^Ap2Aexp(l) 
Jo 1 - exp [-^2^^)'^^' ""'^ "^(^^ 



<l/z 



arccos 



z cxp (t) 
y/2 CXp(l)t 



dt. 



(7) 



^2 cxp (l)t - 

The lower bound (fTTT i is difficult to evaluate numerically. 
Moreover, it concerns the case of a receiver with a single 
antenna, and cannot be easily generalized to the case of multi- 
antenna systems. We propose a direct manipulation of the 
selection rule (|6]l, and we establish the following theorem. 

Theorem 2: The mean progress of MSR-Aloha verifies: 

progMSR{\p) < ^^j^^j^^H{p,L,P). (12) 

The function H{p,L,l3) does not dependent on X, and is 
expressed as: 



dz. 



(13) 



.here ^(z) ^^Et'o^ ELo ^^^^^^W^t^. 
Tinc{k,z) = ^cxp{—t)dt is the incomplete gamma 

function. 

Proof: Consider again the typical emitter Xq and its 
intended final destination placed at the horizontal axis. The 
event that the progress, denoted Z, is less than some value z is 
equivalent to the event that all the nodes that capture the packet 
are situated in the half-plane ~ {(a;,?/) : x < z} ({x,y) 
denotes the Cartesian coordinates of a point in the plane). Then 
we have: 

1(Z<2) = Yi (1 ~ l(S/Affl„3>/3)l(y3^D,)), (14) 

where 1^ denotes the indicator function, which is equal to 1 
when the propriety ip holds, and to otherwise. From (fT4l) . 
we have: 



P{Z < z)= E*^,*, 



^{SINR,j>^)i{Yj(^D,)) 



(15) 



The right hand side of ( fTSI l corresponds to the expression of 
a probability generating functional. The probability generat- 
ing functional of a PPP *(/) = E*[nxe$/(^)] ^^^^^ 
to exp(-A/(l - Ha, Oil. Consequently, the 
progress distribution verifies: 



P(Z < z) 



exp —A 



l(S/Afi?^y>/3)l(l'^D,) jdY 

(16^ 

Applying the Jensen's inequality to the last relation, we get: 



P{Z <z)> exp f-X- J^^ P,(A*, \Y\^,/3)l^YiD^)dY] . 

(17) 

The integral in the right hand side is denoted by Iul, and 
evaluated as follows: 



^-^ ^ poo r 

^ r\ J z J —oo 



+ y ))' (_^(a;2 + y^))dydx. 

(18) 

where 7 — A*A/3^/". Substituting x and y hy u — ^x^ and 
V = 72/ , respectively, we get: 



L-\ 



7fc!(i-fc)! 2 



(,_fc)_l/2 



exp {—u)du ■ 



i=0 fe=0 

k-1/2 I \i 
V ' exp {—v)dv 



'0 

EE 



r(i/2 + fc)r,„e(i/2-^j-fc,7z2) 



i=0 fc=0 

The mean progress yields to: 



27fc!(i - k)\ 



(19) 



(20) 



r 00 

progMSR{^,p) < / 1 - exp(-A''/ni,(2))dz. (21) 
Jo 

Applying the substitution w = ^/^z, we get the result of 
theorem |2] ■ 



V. Discussion and numerical results 

Analytical results show that the expected progress depends 
on the density A only through the factor 1/a/A. Thus, the 
spatial density of progress scales as a/A, and the optimal 
contention density, i.e, the value of p that maximizes the 
spatial density of progress, is independent of A. This result 
is consistent with the scaling law of Gupta and Kumar ifTSll . 
and with the observations of Baccelli et al., made through 
simulations in |2). In the next, we present numerical and 
simulation results for NFP and MSR- Aloha. In the simulations, 
the network area is set at lO^m^ with a density of nodes 
A — 10^"^. The experimental mean progress is obtained over 
1000 independent realizations of the network and results are 
normalized to a density equal to 1. 
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Fig. 2: Simulation and analytical Results for MSR-Aloha and 
NFP routing, with a = 4, /3 = 1, A = l and L = \. 

Figure |2] presents the spatial density of progress as a 
function of the transmission probability, when the number of 
receive antennas is set at 1. In the same figure, the lower 
bound on the MSR-Aloha spatial density of progress given 
by n] is plotted. We observe that our analytical results are 
very accurate. The lower bound of fT] is indeed closer to 
the curve of NFP routing than to the curve of MSR-Aloha 
scheme, which is a result of the approximation considered in 
f\\ that is explained as follows. The probability of capture 
decays exponentially with the distance, and consequently, the 
maximization of the product of the probability of success 
and the distance (selection rule (fTol i) is almost equivalent to 
taking the nearest receiver to the transmitter, i.e., the NFP 
scheme. Figure|3]shows that employing adaptive antenna array 
systems significantly improves the spatial density of progress. 
For example, with only one additional antenna, a 200% gain is 
observed. This improvement is due to the additional diversity 
and interference cancellation capability provided by multi- 
antenna systems. Observe that the MSR-Aloha scheme is more 
sensitive to the transmission probability p than is NFP routing, 
and this can be explained as follows: when p increases, the 
interference becomes severe, leading to a decrease in the 
distance over which packets can be captured, and thus, to a 
significant decrease in progMSR- For the NFP scheme, the 
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Fig. 3: Spatial density of progress as a function of the 
transmission probability and the number of receive antennas, 
with a — 3, (3 — 10, and A = 1. For some value of p the 
experimental curves are above the upper bound. This fact is 
due to edge effects. 




Fig. 4: Optimal transmission density as a function of the 
number of receive antennas with a — 3, f3 — 10, and A = 1. 



increase in p produces both good and bad effects. In fact, 
a low value of p means a high receiver density, and thus, a 
high number of receivers in the vicinity of each transmitter 
Consequently, the selection of the nearest receiver results in 
a small amount of progress. On the other hand, increasing 
p leads both to an increase in the distance separating each 
transmitter from its nearest receiver and to a reduction in 
the probability of successful reception, which explains the 
relatively slow variation of the NFP curve as compared to 
the MSR-Aloha curve. 

Figure 2] presents the optimal contention probability as a 
function of the number of antennas. For the MSR-Aloha 
scheme, the optimal contention probability is equal to 0.015 
for single-antenna systems (with the parameters indicated 
on the figure, the same value was identified by means of 
simulations in ||2|), and to 0.03 and 0.045 when using 2 
and 3 antennas, respectively. Although NFP allows a higher 
optimal contention density, MSR-Aloha has a higher efficiency 



since it provides a better progress with a smaller number of 
transmission attempts. 

Finally, several other simulations were done that show the 
influence of the parameters (3 and a, and these simulations 
are not presented here due to a lack of space. 

VI. Conclusion 

This paper derived simple closed-form expressions for the 
mean density of progress of two communication strategies, 
namely MSR-Aloha and NFP routing. Our results quantify the 
improvement achieved through the use of adaptive antenna 
array systems. Analytical and simulation results show that 
MSR-Aloha protocol is highly efficient in terms of spatial den- 
sity of progress and optimal contention probability. However, 
this scheme calls for implementation of a sophisticated relay 
selection procedure, which may introduce additional overhead. 
A fairer performance comparison of MSR-Aloha and other 
communication protocols must therefore take this aspect into 
consideration. 
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